A single degree of freedom (SDOF) model is presented to describe the rocking behaviour of a slender elastic body on a rigid floor.
INTRODUCTION
Seismic hazards within buildings can be caused not only by structural damages but also by overturning or collapse of containing articles. During the 1978 Miyagi-ken-oki earthquake in Japan, a lot of stacked crates containing bottles of beer or soft drinks collapsed in warehouses and factories, causing economic losses and a menace to the safety of workers there (1).
A number of .experimental and analytical studies have contributed to an understanding of the rocking motion of rigid bodies (2, 4, 6) .
However, studies on the dynamic properties of the rocking motion of elastic bodies are few.
In the case of the 1978 Miyagi-ken-oki earthquake cited above, the collapsed stacks of crates were so flexible that the fundamental periods prior to rocking were longer than 1.0 sec (5).
It is thus clear that modelling them as rigid bodies would be inappropriate, and that a methodology should be developed to study the response of elastic rocking bodies.
The objective of this paper is to develop a single degree of freedom (SDOF) model to describe the rocking behaviour of a slender elastic body on a rigid floor. Results of finite element analysis are also presented to verify the assumptions of the SDOF modelling.
SINGLE DEGREE OF FREEDOM (SDOF) MODEL
2.1 Analytical Assumptions 2.1.1 Assumption 1
Plane sections of the body remain plane (Navier's hypothesis), and the total work done by following forces during virtual horizontal displacement 6u is zero (principle of virtual work).
(1) Inertia force *Visitor, Department of Civil Engineering University of Canterbury, Christchurch New Zealand (on leave from Department of Architecture Nagoya Institute of Technology, Nagoya, Japan) (2) Second derivative of bending moment due to elasticity and strain rate damping.
In other words, assumed. Navier's hypothesis requires the rocking motion to occur around the toe of the elastic body as shown in Fig.1(a) .
Therefore, the axis of centroid of the body is lifted up during rocking. However, effects of vertical movement are ignored in Eq. (1) Horizontal displacement of the body relative to the floor, u, can be expressed by a linear combination of the pre-rocking fundamental mode of the uniform cantilever beam U(y), and the rocking mode (y/H), as shown in Fig.1 .
where s(£) and r(t) are flexural and rocking components of the top displacement q(t), which satisfies the following equation.
The cantilever beam mode shape U(y) can be expressed in the following form as shown in Kef.(35«
Flexural and Rocking Components of Top Displacement
From Assumptions 2 and 3 (on mode shape and moment equilibrium), the flexural and rocking components, s(t) and r(t), during rocking motion, can be expressed in terms of the top displacement q(t).
The resisting moment m R t> y the gravity force around the toe of the body is expressed as follows.
where B is the width of the body and has positive sign for q(t) > 0.
(4) The -elastic bending moment at the basement nig is equivalent to the overturning moment m T due to the inertia plus damping force w. Now
Uplifting occurs when the equilibrium is realised between the elastic bending moment EI(3 2 u/3y 2 ) at the base and the resisting moment due to the gravity force around the rotating axis, which is the toe of the cantilever. The equilibrium remains valid as long as the rocking motion exists (r(t) * 0).
Assumption 4 (Exception to Assumption 1)
At the instance of landing, the angular momentum is conserved around the edge of landing (point P in Fig.2(a) ).
At the instance of uplifting, the angular momentum is conserved around the axis of rotation (point P in Fig.2(b) ). Therefore, the velocity of the body changes at the instances of landing and uplifting discontinuously. both resulting in decrease of kinetic energy. Effects of vertical movement should also be considered to calculate the angular momentum. During rocking (i.e., |q| > sn)s the equilibrium of moment requires m a mR.
Equating (5) and (7), noting that s(t7 + r (t) » q(t), substituting f°r s n, and separating the variables yields the following equations to prescribe s(t) and r(t) during rocking. Ke.q F(q) while, during uplifting,
It should be noted that F(q) is the base shear force, since 
The effective base shear force v.F(q) is also shown in Fig.3 
(b).
If the Young modulus E becomes infinitely large, the derived SDOF model, Eq.(16), converges to the classical equation of motion for slender rigid bodies as shown in the Appendix.
2.k Conservation of Angular Momentum
At the instance of uplifting shown in Fig.2(b) , the top velocity decreases from q to Cy/Q. due to the conservation of angular momentum (Assumption 4).
The angular momentum around the axis of rotation P just before and after uplift is denoted as G and GAU respectively. They are calculated as follows: The initial " part of the floor acceleration was, however, replaced by third order function of time with duration of 0.412 s so that the velocity and the displacement of the"floor would be also sinusoidal after 0.412 s.
(Note that imposing a sinusoidal acceleration with floor velocity and acceleration both zero at t * 0 violates pure sinusoidal requirement.)
The equation of motion was solved step by step by a linear acceleration method (6 = 1/6 in Newmark's 0 method), with a time interval At = 0.02 s. Compensation for moment overshoot was made at every time step, where necessary.
The time history responses of the top displacement, its flexural and rocking components, and the top velocity are shown in Fig.6 . These results will be compared with those of finite element analysis, later.
2.5
Response to Sinusoidal Excitation
To investigate the response predicted by the SDOF model, we consider a prismatic elastic body shown in Fig.4 , where h means the damping factor before uplifting defined below. 
FINITE ELEMENT ANALYSIS

Method of Analysis
In order to verify the SDOF model, a finite element analysis was carried out on the elastic body identical to the previous section.
The elastic body was partitioned into 2x5 elements as shown in Fig.7 .
Poisson's ratio was assumed as 0.25, therefore the shear modulus was G = 2 MPa. Prior to dynamic response analysis, the gravity force was statically imposed on every nodal point. The damping matrix was assumed as stiffness proportional, i.e.
[C]
^1 . CK ] (25)
At the instance of Free -> Fix, the vertical displacement u was backed to zero. Static and kinetic friction coefficients, p and u were assumed as 0.8 and 0.4, respectively? k '
3-2 Results
Deformed shapes of the elastic body from t = 0.9 s to t = 1,4s are exaggerated by five times and shown in Fig J^t t = 0.9 s " and 1.0 s, the body is rocking around the left edge. ' The body is more straight (or its flexural deformation is smaller) at this time than at t = 1.1 s when the base rests on the floor.
The time history of top displacement relative to the floor is shown in Fig.10 .
It is decomposed into flexural, rocking, slipping and shearing components and the ir time history is shown in Fig.11 .
The chained lines in Fig.10 and Fig.11 (a) represent the theoretical uplifting displacement ± sn.
The flexural component does not go far beyond ± s^ and it decreases as the rocking component increases, making a dent in the response wave as was observed in the SDOF results.
The slipping and shearing components of the FEM results are negligibly small.
The relationship between the top displacement q and the rocking component r is shown in Fig.12 .
The rocking component tends to exist as long as the top displacement is larger than s , as it does in the SDOF model. The time history of top velocity q is shown in Fig.14 .
Those of angular momentum around left and right edges, Fig.15 .
The side of G.
Figure 10: Top displacement response (FEM)
and GR, are shown in -L x 0 (lower half) of Fig.15(a) includes all the instances of landings at the left edge and upliftings around the left edge. Similarly, the GR > o side (upper half) of Fig.15(b) includes all the instances of landings at and 'upliftings around the right edge.
The wave shape of both halves looks smooth enough, while that of top velocity has several peaks and steps. Therefore, we can judge that the angular momentum is conserved at the instances of uplifting and landing in accordance with Assumption k.
3*3 Discussion
Besides the similarities stated in the previous section, we should also note some disagreements between the FEM results and the SDOF model's results as follows.
(a)
In Figs,11 and 13, the flexural component tends to' go beyond sfi when the rocking motion starts to appear.
(b)
As the rocking component increases in Fig.13 , the flexural component tends to decrease at a larger rate than the SDOF model predicts.
(This is equivalent to the dents in the response wave of the flexural component in Fig.11(a) The disagreement (a) should be partly attributable to the fact that the vibration phase of top movement was just opposite to that of floor movement.
Therefore, distribution of overturning force w in Eq.(6) should have been considered as Fig.16(a) rather than that shown in Fig.16(b) . Apparently, the overturning force of Fig:16 (a) yields a larger deflection than that of Fig.16(b) when it yields the same amount of overturning moment.
This effect would be the contrary if the period of floor motion were shorter than the fundamental period of the body as shown in Fig.16(c) .
This effect would be smaller if the period of floor motion were nearer to that of the body because the dynamic magnification factor would be larger.
The disagreement (b) and part of (a) should be attributable to the change of velocity distribution at the instance of uplifting in the SDOF model as shown in Fig.17 .
The difference of velocity distribution shown' in Fig.17(c) should cause a higher vibration mode which increases the flexural deformation at the beginning of uplifting and decreases it as the rocking component increases.
The disagreement (c) should again be attributable to the change of velocity distribution, but this time, at the instance of landing. It should induce a higher mode, which would cause sharper peaks in the top velocity response.
Consideration of these effects, however, requires a much more complicated model than that presented in this paper.
On the basis of the comparison between the SDOF and the FEM results shown here, the author does not feel that these shortcomings are particularly significant. 
FUTURE RESEARCH NEEDS
The presented SDOF model should be utilised for parametric studies to establish the criteria to prevent overturning of elastic bodies by earthquake excitations. The criteria should have continuity to those for rigid bodies such as Ishiyama's (6).
The
presented SDOF model for a single elastic column, however, should be greatly modified when we investigate the seismic behaviour of an assemblage consisting of a number of adjacent elastic columns, such as a piled stack of crates which suffered damage during the 1978 Miyagi-ken-oki earthquake (1). In such a case, we cannot ignore the effects of collision and friction between the neighbouring columns (5).
Modelling of these effects is also recommended.
CONCLUSIONS
(1) Rocking motion of slender elastic body on a rigid floor can be described by a single degree of freedom model, which assumes the vibration mode to be a linear combination of flexural and rocking modes.
The model provides a simple means for assessing the seismic response of elastic rocking bodies, and would be particularly suitable for parametric studies.
(2) Rocking motion occurs when the top displacement relative to the floor exceeds a certain limit, which can be calculated from the physical properties of the body.
(3)
Flexural deformation decreases as rocking displacement increases, which relation can also be calculated from the physical properties of the body. In order that the SDOF model may converge to the exact equation of motion for rigid body, the effects of vertical displacement should also be included in Assumption 1 of section 2.1.
[Conservation of angular momentum]
From
Eqs. (21), (22) and (20), the ratio Cy/C^ converges to the following value. 
